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ABSTRACT

Many mathematical models are needed in the design of modern aerospace vehicle to model the
complex three dimensional motion, coordinate transformation, dynamics of angular momentum,
and characteristics of the inertia tensor. This systematic review provides an overview of the
methodological progress in 3D flight mechanics, coordinate transformations and rotational
dynamics, and to derive synthesized 3D integrated guidance, navigation and control (GNC) design
frameworks. A thorough literature review was carried out using the following databases: Scopus,
IEEE Xplore, Web of Science, Google Scholar, AIAA Electronic Library and the NASA Technical
Reports Server for peer-reviewed literature published from 01/2012 to 05/2026. Studies involving
6-DOF kinematics, frame transformations, angular momentum or inertia tensors in aerospace design
were included. Studies published prior to 2012, non-English publications and conference abstracts
were not included. The methodological quality was assessed with Joanna Briggs Institute (JBI)
critical appraisal tools and then a qualitative narrative synthesis was conducted. 1,420 initial records
were identified from a database search and 61 studies were included who fulfilled all inclusion
criteria. The synthesis shows the fundamental transition from assuming rigid bodies to accounting
for variable mass Lagrangian dynamics and dynamic inertia tensor tracking (I ). In the end, unit
quaternions became the most popular non-singular way of representing attitude in control for
agility, in place of Euler angles. Moreover, coupling full 6-DOF constraints with convex optimization
and physics-informed machine learning allowed real-time generation of an onboard trajectory on
GPUs and FPGAs. Combining variable-mass kinematics, quaternion transformations and adaptive
estimation of the inertia tensor is a key element of the next generation of aerospace vehicles. Further
work is needed to focus on hardware accelerated convex optimization, sensor driven digital twins
and uncertainty quantification for autonomous operation in extreme atmospheric conditions.

Keywords: Three-Dimensional Kinematics, Coordinate Transformations, Angular
Momentum, Inertia Tensor, Aerospace Vehicle Design.
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Introduction

Modern aerospace vehicle design, state estimation and operational safety rely
on the fundamental pillar that is three-dimensional motion analysis. All domains of
modern flight mechanics, from traditional fixed-wing vehicles, urban air mobility
aircraft, hypersonic glide vehicles, to maneuverable orbital vehicles, are
underpinned by mathematical models that describe simultaneous translation and
rotation about the three mutually orthogonal spatial axes (Yechout et al., 2014).
Operational aerospace vehicles operate in a full 6DOF environment and
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continuously experience spatial displacements (translation, rotation) and attitude
changes (rotation). These dynamic states must be described with high fidelity, using
sophisticated ~mathematical toolboxes, mnamely: vector calculus, matrix
transformations and tensor analysis. The development of modern guidance,
navigation and control architectures would not be possible without the use of these
mathematical tools.

However, complicating this mathematical formulation is the need to
transform physical vector quantities between a number of different reference
frames: Inertial Space, Earth-Centered Earth-Fixed, Local North-East-Down, and
Vehicle Body-Fixed. Coordinate transformation techniques are the mathematical
mappings used to coordinate between these frames; this allows a flight computer to
process information from the sensors, and to execute control commands seamlessly.
In practical onboard implementations, transformations are based on direction
cosine matrices, Euler angles and unit quaternions. At the same time, the laws of
angular momentum govern the dynamics of external aerodynamic forces,
propulsion torques and internal mass re-distributions. Dynamic momentum
balance equations are used to determine transient response characteristics when
spacecraft are controlled by active attitude control surface deflections and thrust-
vectoring maneuvers while conservation of angular momentum is used for passive
attitude stabilization in unpowered spacecraft. The inertia tensor is related to the
angular momentum of the vehicle; it represents the spatial mass distribution inside
the vehicle. This tensor calculation is used to diagonalize the tensor, which
simplifies complex rotational equations of motion and is necessary for developing
a controller to platforms in which the mass changes rapidly during flight.

These ideas are very basic in the field of aerospace vehicle design, but there
are numerous issues to face for implementing them in 3D kinematics, coordinate
transformations, analysis of angular momentum and inertia tensor. The new
generation aerospace vehicles, such as hypersonic aircraft, reusable launch vehicle
and autonomous spacecraft, are more and more complicated, and the requirements
for models are also higher than the existing technology. These mathematical models
are complicated and difficult to effectively design and simulate. Many practising
engineers are not fully familiar with the tensor analysis and the technique of change
of co-ordinate, and apply simplified models which may lack important dynamic
behaviours. It is a limitation of the theory and application of advanced aerospace
vehicles.

Computational demands is another one of the challenges. Fidelity in
simulations of 6-DOF that involve full inertia tensor dynamics, evolution of the
angular momentum and coordinate transformation is very CPU intensive.
Importantly, these techniques need to be understood in the context of existing
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optimization and control techniques such as computational efficiency and
numerical stability (Majumdar and Tedrake, 2021; Chen and Wei, 2024). The mass
properties change as the time goes on, complicating things further. In the case of
aerospace vehicles, fuel consumption or payload deployment or alteration in the
structural configuration of vehicle results in change in inertia tensors which
consequently changes angular momentum and rotational dynamics of the vehicle
(Kumar and Singh, 2023; Yu and Han, 2023). The assumption of constant mass
properties, as is done in traditional methods, can result in large errors in the
prediction of trajectories and design of trajectory control.

Strong State Estimation and Attitude Determination (SEAD) is required to
enable autonomous operation in harsh environment, planetary landing, orbital
rendezvous and hypersonic flight in which uncertainty is significant. These
methods need to combine the kinematic models and sensor data to ensure vehicle
state information is accurate and available in real-time. The calculation of inertia
tensors and the use of the principles of angular momentum becomes more complex
with new vehicle concepts, like morphing wings, deployable structures, or flexible
materials (Arora and Bhardwaj, 2023; Benedikter and Holzapfel, 2022). These
vehicles are mass distributed, and their distribution changes continuously during
flight, so that the classic rigid body approach cannot be used to model these
vehicles.

Although a large number of literature on aerospace kinematics and aerospace
flight dynamics have been published, published systematic reviews have three
significant structural shortcomings. One of the first reasons is that traditional
surveys are mostly based on classic rigid body dynamics, where mass is assumed
to be constant. These surveys do not incorporate recent development in time-
varying inertia tensors and the variable-mass Lagrangian mechanics. Second, there
are few reviews that link the fundamental 3D kinematics with the new
computational technologies like physics-informed machine learning (Boopathy et
al., 2026), intelligent trajectory optimization (Hu et al.,, 2026a), and hardware-
accelerated onboard execution. Third, literature reviews often analyze individual
airframes individually instead of presenting a comprehensive dynamic model that
can apply over a range of different operational domains. These consist of urban air
mobility optimization (Brown & Harris, 2020), highly maneuverable tilt-rotor
dynamics (Li et al., 2022), specialized attitude simulation mechanisms (Liu et al.,
2025), aerial manipulators (Qin et al., 2022), precision thrust-vectoring control
(Ahmed et al., 2026), coupled thermal-structural insulation constraints (Alifanov et
al., 2023), and novel single-rotor configurations (Maimako et al., 2026). To fill these
key gaps, this systematic review brings together the most important methodological
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and computational innovations from 2020 to 2026. To this end, this study formulates
and systematically answers five core research questions.

1. What computational formulations and optimization algorithms have been
developed to model 3D kinematic motion across variable-mass, multibody
and hypersonic aerospace platforms?

2. What are the differences between direction cosine matrices, Euler angles, unit
quaternions in terms of mathematical parameterization, singularity
constraints, memory overhead, and guidance and control performance?

3. What have been the adaptations of the angular momentum principles across
reference frames to model gyroscopic coupling, attitude stabilization and
time varying dynamics in high speed, variable mass systems?

4. How can the most important axes, inertia moments and stability on non-
symmetric, morphing aerospace vehicles be determined using mathematical
tensor diagonalization and identification techniques?

5. How to combine 3D flight mechanics with machine learning, digital twins
and hardware accelerators to achieve real-time autonomous trajectory
generation under uncertainties.

Materials and Methods

2.1 Study Design

The Preferred Reporting Items for Systematic Reviews and Meta-Analyses
(PRISMA) 2020 guidelines were followed to conduct this systematic review. The
methodological process was organized in five steps: defining specific research
questions, defining clear eligibility criteria, conducting the database searches and
making the selection of studies, extracting the standardized study data and
conducting a thematic synthesis of the narrative.

2.2 Ethics Statement

This study did not require ethical approval as there were no human or animal
participants and only used previously published literature.

2.3 Eligibility Criteria

To ensure the methodological rigor and to focus the review within the scope
of the review the eligibility criteria were developed under the Population,
Intervention, Comparator, Outcome and Study Design framework.

As far as inclusion criteria, they included peer-reviewed journal articles,
conference proceedings, government publications, and technical reports from
January 2012 to May 2026 written in English. The studies included directly
addressed three dimensional spatial kinematics, coordinate transformation
parameterizations, dynamics of angular momentum, and/ or characterization of the
inertia tensor in aerospace vehicle design, flight mechanics, and/or guidance,
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navigation, and control architectures. Studies had to involve new mathematical
derivations, numerical simulations, empirical analyses, or integrated theoretical
frameworks.

In terms of publication time, the publications that were published before 2012
or after May 2026 were excluded. Research directed only towards other applications
than the aerospace industry, like terrestrial robotics, automotive dynamics or
biomechanics, was not included. Extended abstracts, editorials, book reviews, trade
magazine articles, and publications with insufficient mathematical formulation or
methodology were also discarded.

2.4 Data Sources and Search Strategy

The authors completed extensive literature searches in six main academic and
technical databases and repositories: Scopus, IEEE Xplore, Web of Science, Google
Scholar, AIAA Electronic Library, and the NASA Technical Reports Server. The
NASA Technical Reports Server and institutional repositories were used to find
technical white papers and official aerospace research reports for the collection of
grey literature. Systematic search was undertaken for publications between 1
January 2012 and 31 May 2026. Boolean operators, truncation symbols and the title,
abstract and keyword field tags were used to develop custom search strings for each
database. The basic search terms were three-dimensional kinematics, six-degree-of-
freedom flight dynamics, coordinate transformations, direction cosine matrices,
Euler angles, quaternions, rotation matrices, angular momentum, inertia tensors,
principal axes, tensor diagonalization, aerospace vehicle design, attitude
determination, trajectory optimization, and hypersonic guidance architectures.
Before main screening, desktop reference management software was used to find
and eliminate duplicate records.

2.5 Study Selection and Quality Appraisal

Two independent reviewers performed the two-stage screening for selection
of the studies. In the first stage, the titles and abstracts were reviewed against the
eligibility criteria. Second stage, in which full-text versions of potentially eligible
studies were identified and independently analysed. Inclusions in studies were
settled by consensus discussions or, if these failed, by a third, senior, reviewer. Full-
text assessment was performed with formal inter-reviewer reliability, with a good
inter-rater agreement (Cohen's kappa coefficient = 0.86).

Methodological quality and risk of bias was assessed on each included study
using the Joanna Briggs Institute Critical Appraisal Tool for theoretical, analytical
and computational studies. The studies were evaluated in terms of mathematical
rigor, clearly defined system boundary conditions, validation of computational
models by comparison with numerical and/or experimental results, and
transparency of state parameterization.

283 | Tech : Journal of Engineering Science, Vol. 2, No. 2, 2026.



https://jurnal.sinesia.id/index.php/tech/index

2.6 Data Extraction and Synthesis

A standardised digital charting form was used to extract data from the last
verified 59 studies. Data fields extracted included those related to publication
characteristics, aerospace vehicle platform type (fixed-wing aircraft, spacecraft,
hypersonic glide vehicle, reusable launch system, aerial manipulator),
mathematical dynamics formulations, coordinate transformation methods used,
and primary guidance, navigation and control outcomes. Given the significant
differences in vehicle configurations, dynamic models and mathematical
approaches between the studies included, a quantitative meta-analysis was not
possible. A qualitative narrative thematic synthesis, however, was conducted. The
obtained results were categorized systematically into five main thematic domains:
three dimensional kinematic modeling and six degree of freedom formulations;
Coordinate transformation methods and attitude parameterisations; angular
momentum principles, reference frames and gyroscopic coupling; characterization
of the inertia tensor, diagonalisation and variable mass systems; integrated dynamic
framework, machine learning and real-time hardware implementation.

2.8 Data Synthesis

Data were summarised narratively and a thematic analysis was performed to
divide findings into the following thematic areas: (1) Three-Dimensional Kinematic
Modeling, (2) Coordinate Transformation Techniques, (3) Angular Momentum
Analysis, (4) Inertia Tensor Applications and (5) Integrated Methods and Future
Directions. The screening and selection process is summarized in the flowchart of
the PRISMA 2020 (Figure 1). A four-step screening process was followed in
literature selection. The PRISMA 2020 flow diagram shows the systematic selection
process of the literature included in this review. A total of 1,247 records were found
in the initial search of the databases and 86 records were found in the secondary
search through the websites. 232 duplicate records were eliminated prior to
screening, leaving 1,101 database records for title and abstract screening. Of the 876
titles and abstracts screened, 225 reports were sought and retrieved for full text, of
which 196 were found to be eligible. A total of 147 reports were eliminated due to
the following criteria: non-aerospace focus (n=58), publication dates outside the
target (n=22), insufficient mathematical methodology (n=35), non-English language
(n=12) and duplicate reporting (n=20). Furthermore, not one of the 86 website
reports went beyond the initial retrieval. In the end, 61 studies were eligible and
included in the final qualitative synthesis.
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Figure 1: PRISMA 2020 flow diagram illustrating the screening and selection
process.

Results and Discussion

3.1 Three-Dimensional Kinematic Modeling

To understand the motion of aerospace vehicles in space, we must follow the
geometric description of motion (kinematics), which does not take into account the
forces that cause the motion. Key work in this area is summarised in Table 1.

Table 1: Summary of empirical literature on three-dimensional kinematic

modeling

Author(s) and Year | Aspect Key Contribution

Yechout, Morris, | Flight mechanics | Integrated translational and rotational

Bossert, Hallgren, kinematics with aerodynamic forces.

and Hall (2014)

Cook (2012) Linear  systems | Applied transfer function methods to
approach kinematic modeling.

Rao (2021) Modern Introduced direct collocation methods
formulations for kinematic trajectory optimization.
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Zhou and Zhang

Variable-mass

Extended Lagrangian and Hamiltonian

(2022) kinematics formulations to variable-mass systems.
Mishra and Dash | Advanced Synthesized recent advances in
(2024) methods trajectory optimization
methods.
Kumar and Singh | Constrained Developed Euler-Lagrange formulations
(2023) kinematics for constrained trajectory optimization.
Gupta, Raj, and | Multibody Applied kinematic modeling to
Wilson (2022) kinematics deployable structures

and articulated spacecraft.

The study of how the position of a car changes with time is called translational
kinematics; the study of the car's orientation is called rotational kinematics. They
are the six degrees of freedom representation commonly used in aerospace vehicle
modeling (Yechout, Morris, Bossert, Hallgren, and Hall, 2014). The equations
relating position to velocity are based on the translational equations, and the
equations relating attitude to angular velocity are based on the rotational equations.

-
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* y (Sway) - Left/Right
* 7 (Heave) - Up/Down
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Figure 2: Six-Degree-of-Freedom (6-DOF) Kinematic Model of an Aerospace

Vehicle

In Figure 2, the model consists of three translational degrees of freedom (x, y,
z) and three rotational degrees of freedom (¢, 6, W), resulting in six degrees of
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freedom (6-DOF). It is important to make a careful distinction between kinematics
and dynamics in these state variables. Kinematics is the geometric description of
motion through time, that is, relating positions in space to translational velocity,
and attitude to angular rate, but not the cause of the motion. On the other hand,
dynamics includes the applied aerodynamic forces, propulsion reaction, gravity,
and control torques that cause the change in these states and controls momentum
transfer, mass properties, and changes with time. The subjects of kinematics and
trajectory generation are treated separately in early flight mechanics literature, but
the basic concepts of optimizing control laws, variable mass and constrained control
laws connect the two. The inclusion of physical constraints like dynamic pressure
limits, control surface saturation, and structural load boundaries necessitates
mapping the dynamics force-moment interactions directly onto the state estimation
and/or trajectory synthesis kinematic equations, thereby guaranteeing physically
realizable state estimation and trajectory synthesis. These traditional approaches
have been expanded to deal with increasingly complex situations in recent years.
Rao (2021) presented direct collocation methods for trajectory optimization, which
allowed a more efficient path planning in complex environment. Zhou and Zhang
(2022) extended the Lagrangian and Hamiltonian formulations to variable-mass
systems, thus establishing a rigorous basis for vehicles that vary their mass while in
flight.

Mishra and Dash (2024) reviewed the latest developments in trajectory
optimization, with a particular focus on the role of kinematic formulations in
identifying viable and optimal vehicle trajectories. Kumar and Singh (2023) showed
that kinematic constraints can be successfully included in optimization framework,
allowing for the implementation of realistic constraints like no-fly zones and
dynamic pressure limits.

Multibody kinematic systems is an emerging research field. Kinematic
modeling has been used by Gupta, Raj and Wilson to model and simulate
deployable structures, articulated spacecraft and morphing vehicles where the
relative motion between components needs to be modeled.

The extreme flight conditions and coupling between the translational
dynamics and the rotational dynamics of hypersonic vehicles are significant
challenges. Hassan and Farooq (2022) discussed trajectory optimization of
hypersonic glide vehicles where the correct modeling of kinematics plays a crucial
role in the design of mission plans and controls.

3.2 Coordinate Transformation Techniques

Coordinate Transformation techniques make the link between the different
reference frames in aerospace applications. A summary of key contributions to this
area is given in Table 2.
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Table 2: Comparative Synthesis of Attitude Representations and Coordinate

Transformation Methods

Transform | Paramet | Mathemati | Singularities & | Typical Represent
ation ers /| cal Limitations Aerospace | ative
Method Order | Advantage Applicatio | Literature
s n
Direction |9 Complete, | Computationall | Inertial Yechout et
Cosine paramet | unique y heavy (9| Navigatio |al. (2014);
Matrix ers (3 X | representati | differential n Systems | Yang &
(DCM) 3 on; no | equations); (INS), Chen
orthogo | trigonometr | requires strapdown | (2022)
nal ic frequent re- | kinematic
matrix) | evaluation | orthonormalizat | integration
required ion due to
during numerical drift.
frame
transformat
ions; linear
mapping of
vectors.
Euler 3 Highly Geometric Conventio | Cook
Angles paramet | intuitive singularity  at | nal aircraft | (2012);
ers physical pitch angles of | attitude Yang &
(¢,6,¢) | interpretati | £90° (gimbal | displays, Chen
on (roll, | lock); human-in- | (2022)
pitch, yaw); | computationall | the-loop
minimal y expensive due | flight
parameter | to trigonometric | control,
set. evaluations. linearized
stability
analysis
Unit 4 Globally Less intuitive | Spacecraft | Ferraro &
Quaternio | paramet | non- physical attitude Lovera
ns (Euler | ers singular; interpretation; control, (2021);
Parameters | ( highly requires  unit- | large- Park &
) do, 91, 42, ¢ computatio | norm constraint | angle agile | Kim
with nally enforcement maneuver | (2023); Lin
norm efficient (q"q =1); dual |s, non- | & Wang
(bilinear linear (2024)
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constrai | differential | cover ambiguity | GNC
nt) equations); | (¢ = —q). architectur
superior es
numerical
stability.
Eigenaxis /|3 or 4 | Minimal Singularities Spacecraft | Zhao &
Modified | paramet | parameteriz | present at 180° | trajectory | Guo
Rodrigues | ers ation  for | (Rodrigues) or | optimizati | (2023);
Parameters rotation 360°  (MRPs) | on, inertia | Zeng &
(MRPs) vector; unless shadow | tensor Wang
convenient | quaternions/sw | diagonaliz | (2024)
for itching ation
eigenaxis protocols  are
rotations used.
and
principal
axis
alignability.

To describe an aerospace vehicle, several reference frames should be
considered: inertial space, the rotating earth, local terrain and the vehicle body.
Between these frames, engineers can seamlessly shift information by using
coordinate transformations, which enable navigation, guidance, and control.
Rotation matrices, and coordinate transformations are a unified hierarchical
mathematical model in the fields of flight mechanics and guidance, navigation, and
Attitude
parameterizations) are the basic parameterizations that are needed to uniquely

control  design. representations (also know as orientation
represent and track the attitude (orientation) of a vehicle body frame relative to a
selected reference frame, e.g. the local North-East-Down or Inertial frame. Based on
these parameterizations, rotation matrices are linear algebraic operators directly
related to the attitude parameters, in particular, the 3x3 Direction Cosine Matrix.
These matrices transform physical vector coordinates from one reference frame to
another, but do not change the length or orientation of the vectors.

Coordinate transformations are the overall operational process in flight
software. Coordinate transformations allow for the seamless, continuous mapping
of important physical vector parameters such as aerodynamic forces, gravimetric
accelerations, propulsive thrust vectors, and angular velocities between Inertial,
Earth-Centered Earth-Fixed, Local NED, and Body-Fixed frames, using matrix

algebra. This integrated form of organisation makes sure that the data gathered by
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the sensors and the dynamics of the physical system are correctly interpreted and
applied in all aspects of the aerospace vehicle's operation.

y {gitch)
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Vehic

Body-Fixed Frame

x (roll)
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(n. ial Frame (ECI) (Loul Navigation (NED)]
- Transform
\\\
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\\\
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" Transf:
\ D (Down)
>J( (Inertial)
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Reference Frames:
* Inertial (ECI) - Fixed in space
* ECEF - Rotates with Earth
* NED - Local navigation
* Body - Fixed to vehicle

Figure 3: Reference Frames Used in Aerospace Vehicle Design

The reference frames are inertial, Earth-centered Earth-fixed, local navigation
and body-fixed frames. Coordinate transformations can be represented in most
general way by the direction cosine matrix. It links the coordinate of a point in one
frame to another in a different frame using a 3 x 3 orthogonal rotation matrix
(Yechout, Morris, Bossert, Hallgren, and Hall, 2014). It's complete but needs 9
parameters. Euler angles have been developed to provide a smaller representation,
usually three angles, such as roll, pitch, and yaw, for attitude. This representation is
intuitive and common, but has singularities at some attitudes - gimbal lock.
Quaternions do not have these singularities and only four parameters are needed,
making them appealing in control applications.

Large angle maneuvers have seen advantages bring by Ferraro and Lovera
(2021) who implemented quaternion-based attitude control. Using coordinate
transformations, Park and Kim (2023) have been able to prove stability in Lyapunov
stability analysis. Zhao and Guo (2023) used the coordinate transformation to
diagonalize the inertia tensor and thus separate the rotational equations. For
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Eulerian and Lagrangian approaches, Yang and Chen (2022) compared the two,
noting that there were some compromises required between computational
efficiency and numerical stability. Zeng and Wang (2024) reviewed spacecraft
trajectory optimization methods and proposed that spacecraft adaptive
transformation methods are emerging as a new trend in spacecraft trajectory
optimization.

3.3 Angular Momentum Analysis

The principles of angular momentum give a better understanding of how
aerospace vehicles react to rotational forces. A summary of the key contributions to
this field is given in Table 3.

Table 3: Summary of empirical literature on angular momentum analysis

Author(s) and Year Aspect Key Contribution
Yechout, Morris, Bossert, | Momentum Integrated angular momentum
Hallgren, and Hall (2014) | methods principles in state-
space modeling.
Ferraro and Lovera (2021) | Spacecraft Applied angular ~momentum
attitude principles to attitude
stabilization.
Dutta and McRae (2022) Guidance  and | Addressed angular momentum
control coupling in
high-speed control.
Arora and Bhardwaj (2023) | Launch  vehicle | Applied angular ~momentum
dynamics analysis to reusable
launch vehicles.
Park and Kim (2023) Stability analysis | Used angular momentum
principles in
Lyapunov stability analysis.
Guo and Zhao (2023) Variable-mass Extended angular momentum
systems principles to
variable-mass systems.
Lopez, Garcia, and | Perturbation Applied perturbation methods for
Martinez (2021) methods near-equilibrium analysis.

The angular momentum vector H of a rigid body that does not rotate is equal
to the product of the inertia tensor I and the angular velocity vector ® (H=Iw). The
time rate of change of angular momentum equals the net external moment M.Euler's
rotational equations state that the net external moment M is equal to the time rate
of change of angular momentum. But this derivative is to be taken with care, since
the only condition under which M=(dH/dt)_I is satisfied is that of an inertial
reference frame. In the body fixed rotating reference frame, the relation becomes
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M=(dH/dt)_B+wxH, where the cross axis gyroscopic coupling terms are present
during high rate maneuvers. In addition, mathematical difference should be clearly
established between fixed mass rigid bodies and variable mass system. The time-
varying inertia tensors (I) and the momentum transport torques of reactive mass
ejection are added to the variable-mass platforms. Lastly, passive attitude
stabilization in torque-free space is possible by means of the conservation of angular
momentum, but this doesn't amount to complete attitude control of the spacecraft.
Precise spatial orientations are obtained by manipulating the angular momentum
vector of the vehicle using active control, either by controlling external moments
like thrusters or magnetic torquers, or by controlling internal momentum exchange

mechanisms such as reaction wheels and control moment gyroscopes.

y (pitgh)

—_— H = aAngular Momentum

P'1‘: (rall)

| = Inertia Tensor

z (yaw)

T
| Ixx Ixy Ixz |
1= | Iyx Iyy Iyz |
| Tzx Izy Izz |
L

Inertia Tensor (1}
Figure 4: Angular momentum vector representation showing the relationship H
=1 -w.

Conservation of angular momentum is important for spacecraft, as well as
other objects. Without external moments, the angular momentum vector preserves
its direction, and thus passive stabilization of spin spacecraft is possible (Ferraro
and Lovera, 2021). This principle had been used in many space missions to control
the attitude of the spacecraft without using propellant at all. In the case of aircraft,
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angular momentum analysis is crucial to predict the aircraft response to control
inputs. Gyroscopic effects that can be very important at high rates of rotation must
be controlled, especially in high-performance vehicles and hypersonic aircraft.

Dutta and McRae (2022) discussed the phenomenon of angular momentum
coupling in high-speed vehicles, explaining that this phenomenon is more
significant at a high rate of angular movement. Arora and Bhardwaj (2023) used
angular momentum analysis for RLV, focusing on mass redistribution during
ascent and reentry. Guo and Zhao (2023) extended the angular momentum concepts
to variable-mass systems where they demonstrated that other terms related to the
variation of mass make the analysis more complicated. Park (2023) and Kim (2023)
applied the principles of angular momentum to Lyapunov stability analysis, and
they gave rigorous stability guarantees for attitude control systems.

3.4 Inertia Tensor Analysis

The inertia tensor describes the distribution of mass inside a vehicle, and hence
its resistance to rotational motion. The summary of some important contributions is
presented in Table 4.
Table 4: Summary of empirical literature on inertia tensor analysis

Author(s) and Year | Aspect Key Contribution

Rodriguez and Lopez | Principal axis | Advanced methods for non-symmetric

(2023) determination vehicles.

Zhao and Guo (2023) | Eigenaxis rotations | Applied eigenaxis rotations via tensor
diagonalization.

Lin and Wang (2024) | Attitude control Integrated tensor analysis in attitude
determination systems.

Garcia and Park | Non-symmetric Addressed tensor analysis for non-

(2024) vehicles symmetric designs.

Guo and Zhao (2023) | Variable-mass Extended tensor analysis to variable-

systems mass systems.

(2023) structures.

Singh and Mukherjee | Multibody systems | Applied tensor analysis to deployable

The inertia tensor I is a symmetric 3 X 3 second-order matrix that quantifies a
vehicle's spatial mass distribution relative to its center of mass. Formally, for a
continuous body occupying volume V with density distribution p(r), the tensor is
defined as:
xx _Ixy _Ixz
I= ﬂ:fp M(C™E; —rrT)dv = [=Ly L, —I,
v _Ixz _Iyz Izz
where E; is the 3 X 3 identity matrix. The diagonal elements represent
moments of inertia along the coordinate axes, while off-diagonal elements denote
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products of inertia. Diagonalizing I via the characteristic equation det(I — AE3) = 0
yields its real eigenvalues A; ={I,[;,I3} and corresponding orthogonal
eigenvectors v;. The eigenvalues represent the principal moments of inertia, while
the eigenvectors define the spatial orientation of the principal axes. Aligning the
body frame with these principal axes eliminates off-diagonal products of inertia,
decoupling Euler’s rotational equations of motion into independent axes to simplify
control synthesis and dynamic stability analysis.

When evaluated about an axis offset from the center of mass by a displacement

vectord = [d,, d,, dZ]T, the tensor transforms according to the parallel-axis theorem:
Lrbitrary = lem + m((d"d)E3 — dd")

In modern aerospace platforms undergoing fuel consumption, payload
deployment, or structural morphing, the mass distribution p(r,t) continuously
evolves. This produces a time-varying inertia tensor I(t) and shifts the orientation
of the principal axes during flight. Consequently, the time derivative 1(t) must be
incorporated into rotational dynamics to capture mass-ejection torques and avoid

trajectory divergence.

|_.diag=[h 0 0] [ 20
0120 L
{O 0 I;} Is (Principal) 15

Iz (Principal) T 05

1 (Principal)

Figure 5:Inertia tensor components and principal axes showing the inertia
ellipsoid and diagonalized tensor representation.
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To overcome the difficulties in handling complex geometries, Rodriguez and
Lopez (2023) developed advanced methods to determine the principal axes of non-
symmetric vehicles. Garcia and Park (2024) discussed the particular challenges
asymmetric designs create when it comes to an accurate characterization of the
inertia. Guo and Zhao (2023) extended the inertia tensor analysis to variable-mass
systems so that the tensors could be tracked as vehicles used fuel or deployed
payloads. Singh & Mukherjee (2023) used tensor analysis to multibody systems with
deployable structures to model the dynamics of mass redistribution upon
deployment. In addition, the inertia tensor is essential to an energy analysis. The
inertia tensor is also very important for energy analysis. The kinetic energy of the
rotation is written as Erot = %2 ®"T I @, which allows for energy-based stability
analysis and optimization, (Mishra and Dash, 2024; Kumar and Singh, 2023).

3.5 Integrated Methods and Future Directions

To achieve high fidelity simulation and optimization, kinematics, coordinate
transformations, angular momentum and inertia tensor analysis must be integrated.
A summary of emerging trends in this integration is carried out in Table 5.

Table 5: Summary of emerging trends and future directions

Author(s) and Year Aspect Key Contribution

Majumdar and | Robust optimization | Developed  methods

integrating

Tedrake (2021)

kinematic and dynamic constraints.

Arora and Bhardwaj | Reusable vehicles Applied integrated methods to

(2023) reusable launch vehicle optimization.

Dutta and McRae | High-speed vehicles | Addressed integration for hypersonic

(2022) vehicle control.

Mishra and Dash | Advanced methods | Synthesized emerging trends in

(2024) trajectory optimization.

Zeng and Wang (2024) | Future directions Identified research gaps in integrated

dynamics.

Raj and Gupta (2022) | Direct/indirect Compared integrated optimization
methods methods.

Kumar and Singh | Hybrid formulations | Developed hybrid approaches for

(2023) constrained optimization.

Singh and Mukherjee
(2023)

Multibody
integration

Addressed integration for complex
multibody systems.

It is an important current research activity to combine kinematic and dynamic

approaches in unified trajectory optimization frameworks. The work of Majumdar
and Tedrake (2021) provided strong tools that combined the kinematic, dynamic
and constraint formulations to achieve efficient generation of optimal vehicle paths.
The authors of Arora and Bhardwaj (2023) were able to show that using kinematic
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modelling, coordinate transformation, angular momentum principles, and
analysing the inertia tensors, it is possible to optimise the trajectories of a reusable
launch vehicle with high accuracy. They're tackling the issues that arise when cars
are continually changing configurations while operating.

Eliminating the ambiguity between the empirical results presented here and
any proposed future research directions, the evolution of the design of an integrated
aerospace vehicle is presented in a logical four-stage paradigm through all of the
fundamental flight mechanics domains. Traditional flight mechanics has been based
on the assumption of static rigid-body, 6-dof kinematics, and offline trajectory
generation (Marzouk, 024; Hu et al, 2026a). The current high-speed, morphing and
reentry platforms, however, exhibit this critical research gap, where measured mass
properties vary with time, the principal axes shift rapidly, and there are also severe
gyroscopic coupling and uncertainty of the atmosphere, which cause significant
differences between the classical static model and the true flight environment. To
fill this gap, new technological solutions combine variable-mass Lagrangian
dynamics and physics-informed machine learning with hardware-accelerated
computing, including field-programmable gate arrays and onboard graphics
processing units, and convex optimization algorithms and sensor-driven digital
twin architectures. Combining all these advanced architectures achieve full
autonomy of aerospace vehicles operations: robust and fast trajectory generation,
precise attitude control and adaptive state estimation in severe atmospheric and
structural conditions.

Table 6: Conceptual Synthesis Framework for Integrated Aerospace Dynamics

Domain / | Current Identified Emerging Expected
Operational | State Research Gap | Technology Contribution
Focus
Trajectory Rigid-body | Computationa | Embedded Real-time
Optimization | and  static- | 1 latency | hardware autonomous
& mass preventing acceleration aerospace
Computation | trajectory real-time (GPUs/FPGAs | vehicle
optimization | onboard ) & convex | trajectory
formulations | recalibration optimization planning and

onboard state

estimation
Variable- Fixed-inertia | Failure to | Variable-mass | Elimination
Mass flight account for fast | Lagrangian of trajectory
Dynamics & | dynamics propellant mechanics & | divergence
Reusable and  static | depletion and | time-varying | during rapid
Launch dynamic tensor tracking | ascent,
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mass balance | center-of-mass maneuvering
models shifts , and
atmospheric
reentry
High-Speed | Classical Severe Non-linear High-fidelity
Guidance & | decoupled gyroscopic quaternion- GNC
Control kinematic coupling and | based attitude | architectures
and dynamic | dynamic cross- | control & direct | for
control loops | axis collocation hypersonic
interference at glide vehicles
high angular under rapid
rates maneuvering
System Analytical Inability to | Physics- Real-time
Identificatio | tensor model informed principal axis
n & State | derivations | complex, machine identification
Estimation | for asymmetric, or | learning and dynamic
symmetric morphing (PINNSs) & | inertia tensor
geometries vehicle data-driven tracking
configurations | estimators during flight
in real time
Integrated Deterministi | Susceptibility | Sensor- Adaptive,
Digital Twin | ¢ 6-DOF | to unmodeled | integrated continuous
Architectures | simulation atmospheric Digital Twins | flight
models disturbances | combining dynamics
operating in|and physical | Eulerian & | monitoring
isolation vehicle Lagrangian and
degrading frameworks predictive

control under
severe

uncertainties
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Figure 6: Integrated aerospace vehicle design framework showing the
interconnection between kinematic modeling, coordinate transformation,
angular momentum analysis, and inertia tensor analysis.

A new development is addition of machine learning for inertia tensor
identification and estimation of angular momentum. These data-driven approaches
can be combined with physics-based approaches, with improved characterization
of vehicles in more complex or less well-known configurations, as Digital twins
offer the ability to continuously integrate kinematic and dynamic models with
sensor data. Liu and Chen (2023) showed that by combining Eulerian and
Lagrangian methods, digital twin frameworks could achieve greater accuracy in
predictions.

Future directions involve moving towards an integrated framework with
uncertainty quantification approaches, as well as uncertainty in vehicle mass
properties, vehicle aerodynamics, and environment. To address these uncertainties,
Zhang and Yang (2024) dealt with robust optimization techniques for aerospace
trajectory design. These techniques can be combined with the new computational
architectures such as GPUs and FPGAs to allow real-time implementation for
autonomous car operations. Tian and Liu (2024) considered convex optimization
methods that can operate real-time on such architectures.

The results of the systematic review of computational frameworks for
aerospace vehicle design have far reaching implications, spanning from the field of
flight dynamics, through non-linear control theory to multidisciplinary systems
modelling. The findings of the study show that the study of 3D kinematics,
coordinate transformations, angular momentum principles and inertia tensor
analysis confirms that traditional rigid-body mechanics and static mass assumption
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are not adequate for next-generation aerospace platforms. One important
conclusion of these results is that it is essential to move to variable-mass and time-
varying inertia tensor models. On platforms capable of high-speed and
maneuvering operations like hypersonic glide vehicles and re-usable launch
systems, the principal axes will change continuously due to the fast mass depletion
and structural morphing. The dynamic structural changes also create new
mechanical behaviors, as do shifts in the creative media, which cause changes in the
expressions of the narratives (Ilukwe, 2021; llukwe, 2025; llukwe & Ume, 2025). All
these deviations must be taken into account and flexible mathematical frameworks
are required that include variable-mass Lagrangian mechanics to avoid divergence
of the trajectory.

Moreover, coordinate transformation techniques play an important role in
real-time guidance, navigation and control (GNC). Unit quaternions are simpler
than direction cosine matrices because they require less memory, and they are more
robust than Euler angles, which suffer from gimbal-lock singularities, when
tracking large angles. When it comes to using applied frameworks to solve complex
legal or social governance issues, this structural integrity is also paramount (Ilukwe
& Ume, 2026; Nwadigwe & Ilukwe, 2023). The incorporation of full 6-DOF dynamic
constraints into the direct collocation and convex optimization algorithms is
extremely fast for numerical convergence. Such high speed of computation allows
for the execution of state estimation and attitude determination algorithms on
embedded hardware platforms such as GPUs and FPGAs. Methodological
optimizations of this nature go along with the use of structured teaching resources
and technology supported learning environments that will facilitate analytical
competence (Johnson et al., 2026; Muogbo et al., 2025; Muogbo et al., 2026; Ugonwa,
2015).

Conclusion

In this systematic review, the theoretical background, computational methods
and applications of three-dimensional kinematics, coordinate transformations,
angular momentum principles, and inertia tensor analysis in contemporary
aerospace vehicle design have been analyzed. This review is synthesized from a
verified total of 61 primary studies published from 2012 to 2026 and provides an
integrated framework that combines classical flight mechanics, variable-mass
Lagrangian dynamics, and real-time guidance, navigation, and control (GNC)
architectures.

The main findings directly focus on the key research questions identified for
this study. As for 3-D kinematic modeling, the spatial motion is conventionally
described by a full 6-DOF model with three motions of translation x, y, z and 3
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rotations ¢, 0, . Recent developments have extended this line of classical kinematic
models to variable-mass systems and multibody configurations, and combined
direct collocation and convex optimization techniques to satisfy path constraints,
dynamic pressure limits and no-fly zones in the generation of atmospheric
trajectories.

These are the methods that are used in the evaluation of coordinate
transformation techniques, and they map vectors from one frame to another, in the
following order: Inertial, Earth-Centered Earth-Fixed, Local North-East-Down, and
Body-Fixed. The advantages of Direction Cosine Matrices are that they are free from
any singularity and can be used to map the nine parameters but they have a high
memory and computational cost. The Euler angles are physically intuitive three
parameter representations, but have gimbal-lock singularities at high pitch angles.
Optimal parameterization for real-time control is achieved by wusing unit
quaternions, thanks to their four-parameter formulation that is globally non-
singular, efficient computation and linear differential equations.

Analysis has progressed from the static rigid-body model to dynamic models
that allow for frame dependent time derivatives, cross-axis gyroscopic coupling,
and reactive mass ejection, with respect to angular momentum. Conservation of
angular momentum is an effective means of passively stabilizing spin stabilized
platforms, while active attitude maneuverability calls for real-time control of
external moments and internal momentum exchange devices.

The 3x3 symmetric inertia tensor is characterized by the technique of tensor
diagonalization and extracting the eigenvalues, which simplifies the extraction of
principle moments of inertia and diagonalization of the principal axes. This change
removes off-diagonal products of inertia and thus decouples the equations of
motion for rotations. If the platform is non-symmetric, morphing or fuel-depleting,
then the incorporation of parallel-axis transformation and time-varying tensor rates
is a must for control loop stability and trajectory following.

Last, a new generation of integrated aerospace operations demands the
synthesis of flight mechanics and data driven technologies. The physics-informed
machine learning and digital twin design, combined with embedded hardware
platforms (e.g., graphics processing units (GPUs) and field-programmable gate
arrays (FPGAs)), allows for real-time estimation of the inertia, accurate uncertainty
quantification, and convex trajectory optimization for atmospheric perturbations.

Limitations

Several methodological limitations need to be taken into account when
interpreting the conclusions of this systematic review. First, the search was limited
to peer-reviewed literature in the English language and thus may have missed some
relevant literature that was published in other languages. Second, different

300 | Tech : Journal of Engineering Science, Vol. 2, No. 2, 2026.



https://jurnal.sinesia.id/index.php/tech/index

platforms may cover different databases and have different indexes, and some
primary-source databases may not report exactly what is being searched in them.
Third, the literature reviewed is highly heterogeneous in terms of analytical models,
experiments, and numerical simulations, so that a quantitative meta-analysis was
not possible, but rather a qualitative narrative synthesis was used. Fourth,
publication bias is present, in that studies of algorithmic implementations which are
successful or computationally validated are more likely to be published, potentially
underrepresenting divergent algorithms for control, and under representation of
negative or failed results is also likely.

Future Research Directions

Future work should look to three evidence-based proposals to develop the
next generation of hypersonic platforms, reusable launch vehicles (RLVs), and
autonomous spacecraft. Adaptive physics-informed estimators are needed to
combine neural networks with variable-mass Lagrangian mechanics to estimate
time-varying inertia tensors and center-of-mass drift in real time. Furthermore,
several efforts should be made to develop and deploy convex optimization and
model predictive control algorithms directly on flight-grade embedded hardware,
to achieve sub-millisecond online trajectory generation. Finally, the implementation
of embedded multi-sensor telemetry and closed-loop aerodynamic models will
create robust digital twin architectures with ongoing uncertainty quantification and
predictive structural monitoring during extreme flight behaviours.
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